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Abstract

Varentropy is the variance of information content, for a random variable or random vector with density f. Varentropy can
be viewed in two complementary ways: as an intrinsic descriptor of distributional shape and as the variance of
self-information, tied to concentration, typicality, and entropy estimation. This paper has two main aims. First, we give a
concise overview of general tools for analyzing varentropy and organize several standard computational routes: direct
integral formulas, cumulant and Rényi representations, a coarea representation of the law of information content,
invariance under decreasing rearrangement, and simple sufficient conditions for finiteness. Second, for smooth parametric
families we develop a structural decomposition of varentropy into tangent, nonlinear, score, and isoresidual components,
and we derive necessary and sufficient criteria, stated directly in terms of the log-likelihood, score, and mixed derivatives,
under which this decomposition simplifies. In particular, we identify an exact tangent regime characterized by closure
under normalized density powers. A final section works out concrete examples, including Beta, Pareto-type, and
Generalized Inverse Gaussian families, and highlights moving-support models as a particularly interesting direction beyond
the present common-support framework.

Keywords: self-information, varentropy, entropy, risk management, heavy-tailed distributions.

| Introduction

Let X be an absolutely continuous random variable or random vector with density f relative to a reference measure u. Its
information content is the random variable
Y = —log f(X),

its entropy is
h(X) = E[-log f(X)],

and its varentropy is
Vy(X) = Var(-log f(X)).

Following Song, one may regard varentropy as a function describing distributional shape rather than merely as an information-
theoretic dispersion parameter [1]. That point of view is attractive for both conceptual and practical reasons. At the same
time, the use of varentropy as a shape descriptor remains substantially less developed in the literature, and much less com-
mon in practice, than classical summaries such as kurtosis or tail index.

A classical way to summarize shape or tail behavior is through kurtosis or a tail index, but these summaries may be unavail-
able, unstable, or heavily model dependent. In heavy-tail practice there is no universally satisfactory automatic threshold rule
for tail-index estimation, and different choices of the number of tail observations may lead to materially different conclusions
[2].

In contrast with moment-based shape summaries, varentropy is available for a much broader class of continuous dis-
tributions [1]. It also exhibits a rigorous compatibility with more classical shape orderings. Di Crescenzo, Paolillo, and
Suarez-Llorens showed that for symmetric unimodal random variables, kurtosis order implies varentropy order; combined
with invariance under symmetric decreasing rearrangement, this yields the corresponding implication after rearrangement
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as well [3]. In this sense, it shows that varentropy extends kurtosis-style shape comparisons into regimes where classical
fourth-moment kurtosis may fail to exist while the information content remains square integrable.

Another attractive feature of varentropy is the availability of sharp universal bounds on broad geometric classes. In
particular, Fradelizi, Li, and Madiman obtained sharp concentration inequalities for information content and correspond-
ing varentropy bounds for s-concave measures, with log-concave laws as a distinguished special case [4]. From a practical
standpoint, such results suggest one-sided diagnostic procedures: at the population level, a d-dimensional distribution with
varentropy exceeding d cannot be log-concave.

A natural viewpoint for interpreting varentropy is through typicality and the asymptotic equipartition property. A particu-
larly intriguing construction of asymptotic equipartition property based on Csiszar's generalized entropy and rectifiable mea-
sures are provided in [5], [6]. Informally, varentropy controls the second-order scale at which normalized self-information
approaches entropy, and therefore how quickly long observed sequences become typical in the information-theoretic sense.

On the statistical side, Leonenko, Sun, and Taufer proposed a nearest-neighbor graph estimator for varentropy and
established unbiasedness together with L2-consistency [7]. This estimator can be viewed as an extention of the Kozachenko-
Leonenko entropy estimator to varentropy.

Yet one important aspect remains underdeveloped: structural simplifications that permit relatively effortless derivations
of varentropy. Even when a density is explicitly known, the computation of

Vi (X) = Var(=log (X))

may be awkward. One can integrate directly, differentiate a cumulant-generating function, or analyze the induced law of
Y = —log f(X), but the symbolic integrals involved are often unwieldy. The long-term objective of the present paper is to
identify broad model classes for which varentropy can be analyzed through structural properties of the log-likelihood rather
than through bespoke integration on a case-by-case basis.

More precisely, the new results of the paper center on a structural decomposition for parametric families { f,} of the form

V,,(0) = VRO I(0)'VA(©O) + A, (0) + A, (0) + A, (6),

score 180

where h(0) = E,[—log f,(X)] is the entropy functional and 1(9) is the Fisher information matrix. The first term is the tangent,
Fisher-explainable component; the remaining terms measure nonlinear score effects, transverse score effects, and genuinely
non-score-explainable fluctuations. Once the Fisher information is tractable, the remaining question can often be reduced to
analytic on the original log-likelihood #,(x) = log f,(x), the score map s,(x), and their mixed x-6 derivatives. The novelty is not
only the identity itself but the possibility of deciding whether it simplifies directly from the displayed form of the likelihood.
Futhermore, whenever the standing assumptions hold, the decomposition yields a lower bound on varentropy. This lower
bound may be viewed as a counterpart to the upper bound established in Corollary 4.4 of [4].

The present section also serves as a brief overview of the field. Section Il collects the foundational material needed later:
definitions, standing assumptions, the standard computational routes to varentropy, a coarea-based representation of the
law of information content, and the invariance of information content under decreasing rearrangement. Section Il develops
the structural decomposition itself, Section IV derives practical simplification criteria, including derivative-based tests and the
characterization of the exact tangent case by closure under normalized density powers, and Section V records worked exam-
ples together with a moving-support boundary case that marks the main direction in which the present common-support
theory still needs to be extended. Throughout, we work under the standing assumption that the information content lies in
L?; subsection |I-B records one easy-to-check sufficient criterion, while a sharper existence theory for varentropy is deferred
to later work.

Il Information Content and Standard Representations of Varentropy

II-A Information content, entropy, and varentropy
Let (E, &, u) be a o-finite measure space, and let f : E — [0, o) be measurable with

/fd/l=1.
E

p(B)i=/fdM, Be¢,
B

for the induced probability measure, and we let X ~ p.

We write
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Definition I1.1 (Information content, entropy, and varentropy). The information content of X is the random variable
Y 1= —log f(X),
with the convention —log 0 = +c0. Whenever Y € L!(p) we define the entropy by
h(f) =h(X) :=E[Y]= —/Eflogfdﬂ'
Whenever Y € L%(p) we define the varentropy by
Vi (f) = Vy(X) 1= Var(Y) = E[(Y — h(X))’].

For the moment we still take Y € L?(p) as a standing hypothesis whenever varentropy is mentioned. The next subsection
records one simple sufficient criterion for this integrability, but not an exhaustive characterization.

Proposition 1.2 (Affine invariance). Let X be an absolutely continuous random vector in R? with density f, and let Z = AX + b
where A € R4 js invertible and b € R?. If g is the density of Z, then

—logg(Z) = —log f(X) + log | det A]|.

Consequently,
h(Z) = h(X)+log|det A|,  V,(Z)=V,(X).
Proof. The density of Z is
g(z) = f(A(z - b)).
[ det A
Substituting z = AX + b gives the identity for information content, and the formulas for entropy and varentropy follow
immediately. O

II-B Simple sufficient conditions for finite varentropy

The later sections assume Y € L2(p), so it is useful to record at least one workable sufficient criterion. For entropy itself,
a convenient guide is given by the logarithmic-moment condition [8]: on R, a finite first logarithmic moment controls the
positive part of —log f(X), and if the density is essentially bounded then the negative part is controlled as well. Motivated by
that observation, we record below a second-moment analogue for varentropy. The resultis only sufficient, but its hypotheses
are often easy to verify in concrete examples.

Proposition I1.3 (A reference-density criterion). Let X be an absolutely continuous random vector in R? with density f, and write
Y :=—log f(X). Assume that
M :=|flle < oo

Let g be another density on R¢ such that
E[(—log g(X))*] < oo.

ThenY e L? hence h(X) € R and V,(X) < co. More precisely,

E[Y?] < 6 E[(—log g(X))*] + 4(log M)* + ;% M
Proof. Let
A={x1 f(x) <g)}, B :={x: f(x)>gx)}
Since )
_ g
Y = —logg(X) +log o0
we have x)
2 _ 2 28
Y* <2(—logg(X))” +2log )

It therefore suffices to control the second term.
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On A, write #(x) := f(x)/g(x) € [0,1]. Then

/f10g2§ dx = /gl‘log21 dx < sup tlog21 = i
A S A t e?

0<r<l1 t

On Bonehas f <M and f > g, hence g < M and therefore
logZ < logM =logM —logg.
g g
Using (a + b)* < 2a*> + 2b*, we obtain
log?L < 2(log M)? + 2(—log g)%,
g

and so
/flog2§ dx = /flog2£ dx < 2(log M)* + 2 E[(—log g(X))*].
B i B g

Combining the estimates over A and B gives

(X) 4
E [logz%] <5+ 2(log M)* + 2 E[(—log g(X))].

Substituting this into the bound for Y2 yields (1). Since p is a probability measure, Y € L? implies Y € L! by Cauchy-Schwarz,
so both a(X) and V,(X) are finite. O

Corollary 11.4 (A logarithmic-moment criterion). Let X be an absolutely continuous random vector in R? with density f. If
I/l < oo, Eflog*(l +IXID] < oo,
then Y = —log f(X) belongs to L. In particular,
h(X) € R, Vy(X) < 0.

Proof. Let
84(x) 1= cy(L+ [lxI)™*D, x €RY,

where ¢, > 0 normalizes g, to integrate to one. Then
—logg,(X) = —logec, + (d + 1)log(l + [ X1]),
so the assumed second logarithmic moment gives
E|[(—log g,(X))’| < co.
Applying Proposition 1.3 with g = g, proves the claim. O

These hypotheses are deliberately easy to check rather than sharp. In particular, the corollary shows that entropy is
controlled by a first logarithmic moment, while varentropy is controlled by its second-moment analogue.

II-C Direct integral representation
The most immediate representation is obtained by direct expansion of the variance. Whenever Y € L?, one has

2
VH(X)=/f(X)[10gf(X)]2du(X)— (/ f(x) 10gf(X)d/4(X)> . (2)
E E

This formula is elementary but often computationally demanding. It is most useful when flog® f is explicitly integrable.
However, it is rarely the case.
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II-D The cumulant-generating and Rényi route
The second standard route is to work with the information-content random variable itself. For every 7 such that the integral
below is finite,

My (1) :=E[e"] = /Ef(X)'"' dp(x).
Hence the cumulant-generating function of Y is
Ky (1) 2= log My (1) = log / - dp 3)
E
Whenever K, is twice differentiable at the origin,
X)) =K,(0),  Vu(X)=KI0).
This representation is closely related to Rényi entropy. If

H,(f):=

! log/f“du, a# 1,
l-a E

denotes the differential Rényi entropy of order a, then
Ky =1H,_(f), t#0. (4)

Thus varentropy may be recovered from the second-order behavior of the Rényi spectrum at « = 1. This point of view goes
back to Song's treatment of the Rényi information spectrum and its derivative-based shape functionals [1].

II-E A coarea representation for the law of information content
The previous formulas compute V,, without first identifying the law of Y = —log f(X). In some settings it is useful to do
the opposite: compute the law of Y and then read off the first two moments. Under Sobolev regularity plus an additional
structural hypothesis on the critical set, one can do this through the coarea formula, which is a standard tool of Geometric
Measure Theory. To our knowledge, no coarea-based formula for information content Y specifically has been recorded in
the literature. However, general applications in the context of the transformations of random variables have already been
discussed [9].

Assume for this subsection that E = R?, that f is nonnegative, bounded, and belongs to W' (R%), and that we work with
a precise representative of f in the sense of Maly, Swanson, and Ziemer [10]. Partition the domain into

R :={xeR?:|Vf(x)| >0}, P:={xeR?:|Vf(x)| =0}

For k € R define the regular level set
= {xeR’: f(x)=eF, [Vf(x)| >0}

We also assume that, up to a Lebesgue-null set, the critical region P is the disjoint union of countably many plateaux P, ¢ P on
which f = e . Under this hypothesis the absolutely continuous part of the law of Y comes from the regular region R, while
each plateau contributes an atom at the single information-content level k;. The next two lemmas package the required
coarea bookkeeping. In the sequel, H¢ denotes d-dimensional Hausdorff measure. Note that, when 4 is a non-negative
integer, d-dimensional Hausdorff and Lebesgue measures coincide, assuming, of course, that Hausdorff measure is defined
with appropriate scaling factor.

Lemma I1.5 (Superlevel-set identity). Letu € W]ij(Rd) N L®(RY) be nonnegative and precisely represented, and write

R, :={x € R : |Vu(x)| >0}, P :={xeRY: |Vu(x) =0}.

u

Assume that, up to a Lebesgue-null set, P, is the disjoint union of countably many plateaux A, C P, on which u = t,. Define the
superlevel function
u() 1= 2({x € R @ u(x) > 1}), t>0.

Then for every 0 < a < b < esssupu one has

b
_ — 1 d-1 d
Hl® ”"“’)‘/a (/H vacol "t (")> ae 2, HA) ©

1;€(a,b]
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Consequently u, is absolutely continuous on every interval that avoids the plateau values {t;}, and for Lebesgue-a.e. t ¢ {t,},

= [ ) ®)
{

u=r)nr, V()]

Proof. Fix0 < a < b <esssupu. Up to a Lebesgue-null set,

fa<u<b)=(la<u<b}nR)0 [J A,

1;€(a.b)
Apply the Maly-Swanson-Ziemer coarea formula [10] on R, with

1{a<u(x)§h}nRu

8™ = gL

Since g,,()|Vu(x¥)| = 1,0 <)nr, this gives

b
#({a<u<b)nR,) =/ </<=,m T de_l(x)) o

Adding the plateau contribution Z,/E(a’b] Ad(Aj) yields (5). The derivative formula (6) follows because the jump set {¢,} is count-
able, so p, is absolutely continuous on compact subintervals of (0, ess supu) \ {t;}. O

Lemma I1.6 (Compositional coarea identity). Under the assumptions of Lemma I1.5, let g : [0,esssupu] — R be a bounded Borel
function with g(0) = 0 and [, |g(u(x))| dx < co. Then

esssupu
_ 1 d—1 d
/R ) dx = /0 £ ( /{ o T (x)> i+ Pt 404 @)

Proof. By linearity it is enough to treat nonnegative g, and by monotone convergence it is then enough to prove the formula
for simple functions. For an interval indicator g = 1,,) With 0 < a < b < esssupy, the identity is exactly Equation (5). Finite
linear combinations of such indicators yield all nonnegative simple functions, and an increasing approximation completes
the proof. Signed bounded g follow by decomposing into positive and negative parts. O

Theorem I1.7 (Coarea representation of the information-content law). Under the assumptions above, the law of Y = —log f(X)
decomposes as

LY) = [k dk+ Y w; 6, , (8)
J
where |
(ac) k) = —2k/ de—l 9
v O=e L Ve 0 ®

for Lebesgue-a.e. k, and the atoms correspond to plateaux P; C P on which f = ™", with mass

wjz/f(x)dx.
I)f

In one dimension this reduces to

Few=e* Y m (10)
k

xkezz
Proof. Letv, := £(Y) and fix a bounded Borel test function ¢ : R - R. Define g : [0,esssup f] — R by g(0) :=0and
g(t) :=te(—logt), t>0.

Then
/w(k)vy(dk)=/ @(—=log f(x))f(x) dX=/ g(f(x)) dx.
R d d

R R

Applying Lemma I1.6 with u = f yields

esssup f
= — 1 d—1 —kj 1d
/R(p(k) vy (dk) —/0 @(—logt)t </(f=tmR T2 dH (x)) dt+ ;(p(kj)e A4(P).
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In the first term, set s = e, so dt = —e™* dk and {f = ¢™*} n R = Z;. This gives

_ —2k 1 d-1
Aw(k)w(dk)-/mfp(k)e </E Ve M (x)> dk+;<p(k,-)w,

where w; = e"‘f/ld(Pj) = /P_ f(x) dx. Since this identity holds for every bounded Borel ¢, it identifies the law of Y as in
J

Equations (8)and (9). In one dimension H® is counting measure, so the absolutely continuous density reduces to equation (10).

O

II-F Decreasing rearrangement and invariance of information content

The coarea representation is one route from f to the law of Y = —log f(X). A very different route is to reduce the problem to
a one-dimensional monotone density by decreasing rearrangement. An excellent resource on the theory of rearrangement
can be found in [11].

Definition 11.8 (Decreasing rearrangement). Let (E, &, u) be o-finite and let f : E — [0, ] be measurable. Its distribution
function is
Ap(t) = u({x € E 1 f(x)>1}), 1> 0.

The decreasing rearrangement of f is the function
fi(s) :=inf{t >0 : A,(r) < s}, s>0.
Then f* is the unique right-continuous nonincreasing function on [0, o) such that
{s 20 : f () >t} = A1), t>0,
where | - | denotes Lebesgue measure.
Theorem I1.9 (Information content is invariant under decreasing rearrangement). Let (E, &, u) be a o-finite measure space,

and let f : E — [0, c) be measurable with [, f du = 1. Define the probability measures

p(B) = /fdﬂ, pi(A) 1= /f*(S) ds.
B A
Then p* is a probability measure. If
X ~p, X" ~p",
then
d
FX) = F1(X.

Consequently,

~log f(X) = ~log f*(X"),

with the convention —log0 = +oo.

/mf*(s)ds=/w|{szo:f*(s)>t}|dt=/wzf(t)dt=/fdy=1,
0 0 0 E

So p* is a probability measure.
Fix 7 > 0. Then

Proof. First,

P(f(X) >0 = fdp.
(>

Decompose
Ty == D1 oy + 111y,

and apply the layer-cake formula to (f — 1., to obtain

/ (f—t)du=/ A, (0)dv.
{f>1} t
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Therefore -
[P’(f(X)>t)=t/1f(t)+/ Ap(v)dv. 11

The same calculation with f* and Lebesgue measure yields

P(f*(X*)>t)=t|{f*>t}I+/ 1 > o} do.

1

Since f* is the decreasing rearrangement of f,
WS > ull = Ap(u), u>0,

so by (11)
P(f* (X" >t =P(f(X)>1), t>0.

Thus f(X) and f*(X*) have the same distribution. Composing with the Borel map u — —logu yields the conclusion. O
Corollary 11.10 (Entropy and varentropy are rearrangement invariant). Whenever the relevant moments are finite,

h(f) = h(f"), V(f) =V (f.
In particular, any computation of entropy or varentropy may be reduced to the one-dimensional decreasing rearrangement.

Proof. By Theorem II.9, the information-content random variables —log f(X) and —log f*(X*) are equal in distribution. Their
first and second moments therefore coincide whenever finite. O

II-G Monotone rearrangements and one-dimensional inversion
The rearrangement Theorem becomes especially practical when f* : [0,00) — (0, 00) is strictly decreasing. If X* ~ f*(s)ds
and Y* := —log f*(X*), then the usual one-dimensional inversion gives

Y'<y & X< (7N,
so for every y in the essential range of Y*,
Fy.(y) = Fy. ((f*)’l(e’y))-
If moreover f* is differentiable with (f*)'(s) # 0, the ordinary change-of-variables formula yields

e

) |y (ren)|

Sy« (¥)

Thus, whenever the decreasing rearrangement is strictly monotone, the law of information content reduces to an explicit
scalar inversion problem. By Theorem I1.9, this one-dimensional formula reproduces the law of —log f(X) for the original
density. It is the one-dimensional counterpart of Theorem I1.7, with the geometry of the sample space compressed into the
monotone rearrangement.

Il Structural Decomposition of Varentropy in Parametric Families

We now pass from the density-level representations of Section 2 to the parametric setting that motivates the rest of the
paper. The goal of this section is to show that varentropy admits a canonical decomposition into four nonnegative pieces:

(i) atangent part explained by Fisher geometry,

(ii) a nonlinear effect already visible along the entropy direction,
(iii) an additional score-explainable part coming from score coordinates transverse to that direction, and
(iv) aniso-score remainder that is invisible even to the full score vector.
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IlI-A Parametric setup and the entropy gradient identity
Let {f, : 0 € ® C R?} be a p-parameter family of densities on (E, &, u), where @ is open. We assume throughout this section
that:

(P1) the support of f, does not depend on 6;

(P2) for u-a.e. x, the map 0 — f,(x) is continuously differentiable;

(P3) differentiation under the integral sign is justified for the quantities considered below;

(P4) the score vector belongs to L%(P,) and the information content belongs to L?(P,) for every 6 under consideration;
(P5) the Fisher information matrix is positive definite.

Here P, denotes the probability law with density f,.
We write
Cy(x) 1= log fy(x), 5p(x) 1=V, ,(x) € R?,

and for X ~ P, we set
Y, i= —£,(X), h(0) :=E,[Y,], V() := Var,(Y,), S, 1= s5,(X).

The Fisher information matrix is
1(0) :=E,[S,S, .

The first identity we need is that the gradient of entropy is the covariance between information content and the score.

Proposition Ill.1 (Entropy gradient identity). Under (P1)-(P5),
E[S,1 =0,  VA(®O) = E,y[Y,S,] = Covy(Y,, S,).

Proof. The score identity E,[S,] = 0 is standard and follows from /, f, du = 1. For the entropy gradient, write componentwise
he) = - /E Fo(x)log fo(x) du(x).
Differentiating with respect to ¢/ and using (P1)-(P4) gives
0;h(0) = - /E 9, fy(x) log fp(x) d u(x) — /E 0, fo(x) du(x)
== /E So(x) 59;(x) log f,(x) d u(x),
because [, 9,f,du = 0,1 =0. Since ¥, = —log f,(X), this is
0;h(0) = E,[Y, Sy,
and stacking the components gives the stated vector identity. O
IlI-B Projection onto the score span

The finite-dimensional span of the score coordinates is the tangent space of the model inside L?(P,). The first decomposition
is simply the orthogonal projection of centered information content onto that tangent space.

Theorem I11.2 (Tangent-residual decomposition). Define
a, :=1(0)"'Vh(6) € R”.

Then there exists a unique random variable r, € L*(P,) such that

Y, — h(0) = a] Sy + 1, (12)
with
[Eﬂ[rﬁ] = 0’ Eg[rgsg] = 0 (S Rp.
Consequently,
Vi (8) = VA(O) 1(8)'Vh(B) + Var,(r,). (13)
—_— =
=1 A0 =1 Aeg(0)
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Proof. Set
ry := Yy — h(0) — a} S,.

Since E,[Y, — h(0)] = 0 and E,[S,] = 0, we have E,[r,] = 0. Moreover, by Proposition IIl.1,
EolrySy] = Egl(Yy — h(0))Sy] — E4[S, S, lay = Vh(8) — I1(8)a, = 0.
Thus r, is orthogonal to each score coordinate. Since E,y[r, a; S,] = a,E4[r,S,] = 0, we obtain the Pythagorean identity
V() = Vary(a] S,) + Vary(ry).

Finally,

Vary(a; Sy) = aj 1(0)a, = VA(6)1(6)"' Vh(0).
Uniqueness follows because any other decomposition with a score-orthogonal residual would yield a difference vector b € R?
satisfying 1(8)b = 0, and hence b = 0 by positive definiteness of 1(6). O

Corollary I11.3 (Alignment coefficient). Whenever V() > 0, the ratio

) . Vh(®)T1(0)'Vh(8)
74(60) = 0 e0.1] (14)

measures the fraction of varentropy explained by the tangent score direction. In particular,
Ay (0) = Vi (O)(1 = p3,(9)).
Equality p3,(6) = 1 holds if and only if r, = 0 almost surely.

Proof. The claim follows immediately from Theorem I1.2 and the nonnegativity of both terms in (13). O

IlI-C Residual varentropy and the score sigma-field

The residual term in Theorem 111.2 still contains two very different effects: one part is already explained by the full score
vector but not by its linear projection a;.S,, while the other part is genuinely invisible even after conditioning on the score
itself. The next Theorem separates these two contributions.

Theorem I11.4 (Residual decomposition through the score). Let
my(u) 1= Ey[Y, | Sy =ul

be a Borel version of the conditional mean of information content given the score. Then

ro = (Yy — my(Sy)) + (my(Sy) — h(0) — a] S,), (15)
=2vns =1v<9

and the two summands are orthogonal in L*(P,). Consequently,

A, (0) = Var, (my(Sy) — h(0) — a; S,) + E,[Var,(¥, | S)|. (16)
Proof. By definition,
Eolng | Spl =0,
while ¢, is 6(S,)-measurable. Therefore
Eql110¢) = Eg[CoEo(y | Sp)] = 0.
Taking variances in (15) gives
Var,(r,) = Var,(n,) + Var,({,).
Finally,
Var,(n,) = E,[Var,(Y, | S,)|

by the conditional variance formula. O
Remark 111.5. The second term in (16) is the genuinely non-score-explainable part of varentropy: it vanishes if and only if

information content is measurable with respect to the full score vector. The first term is still score-explainable, but only
nonlinearly.
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I1I-D The full four-term decomposition
The score-explainable residual in Theorem IIl.4 itself contains two distinct pieces. One is already visible along the one-
dimensional entropy direction

Uy :=a,S,,
while the other comes from score coordinates transverse to that direction. The next Theorem yields the full decomposition
announced in the introduction.

Theorem I11.6 (Full structural decomposition of varentropy). Let

T
Uyj:=a

005 qy(t) :=Ey[Y, | U, =1], my(u) :=E,[Y, | Sy = ul.

Then
Y,-h@)=U,+ (‘Ie(Ue) — h(0) - Ue) + (me(Se) - ‘Ie(Ue)) + (Ye - me(Se))s (17)

where U, represents linear entropy direction, (q,(U,)—h(6)—U,) is nonlinear entropy-direction effect, (m,(S,)—q,(U,)) is transverse
score effect, and (Y, — m,(S,)) is iso-score noise.
The four summands are pairwise orthogonal in L*(P,). Consequently,

Vir(0) = A (0) + Ay (0) + Ao (0) + Ay (0), (18)
where
Ay, (8) 1= Var,(U,) = Vh(®) I1(6)"'Vh(8), (19)
A, (0) 1= Vary(g,(Uy) — h(6) — U,), (20)
Ascore(g) = Varﬁ(mH(SB) - qB(UG))’ (21)
Ao () 1= Ey[Vary (¥, | Sp)]. (22)

Proof. The decomposition (17)is an identity obtained by adding and subtracting the two conditional expectations ¢,(U,) and
m,(S,). Pairwise orthogonality follows from repeated applications of the tower property:

* U, is orthogonal to ¢,(U,) — h() — U, because
E, [Upgy(Uyp)| = EglU,Y,1 = a, E,LS,Y,] = a; Vh(0) = Var,(Uy),

while E,[U,] = 0.

* my(S,) — q,(Uy) has zero conditional expectation given U, so it is orthogonal to every U,-measurable term, in particular
to the first two summands.

+ Y, — my(S,) has zero conditional expectation given S,, and hence is orthogonal to all ¢(.S,)-measurable terms, including
the first three summands.

Taking variances yields (18); the identification of A, with a conditional variance is again the standard law of total variance. O
Corollary Ill.7 (Score-explainable varentropy). The part of varentropy explained by the full score vector is

Vary (Eo[Yy | Spl) = A (0) + Ay (0) + Ay (0), (23)

SCOI’C(

and therefore
A (0) < Vara([Ee[Ye | Sa]) < V(). (24)

The gap between the rightmost two quantities is exactly A, (0).

Proof. By the law of total variance,
V31(0) = Var, (E,[Y, | Sp1) + E,[Vary(Y, | Sp)].

Comparing with (18) gives (23). The inequalities are immediate because each A-term is nonnegative. O
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Corollary I11.8 (One-parameter specialization). If p = 1, then 1(0) is a scalar and

h/(0)2

Ay (0) = 10)

If in addition h'(0) # 0, then U, determines the scalar score S, and therefore
Ascore(a) = 0'

Thus, away from entropy-stationary points, the scalar decomposition reduces to

h/(0)2
1(6)

Vy(0) = +A,00)+ A (0). (25)

At points where h'(0) = 0, one has A;,,(0) = 0 and U, = 0, so the transverse score term may survive:

V(0) = Ay e (0) + A (0). (26)
Proof. When p =1, a, = #'(6)/1(0) and hence
hr(g)Z
Ay (0) = a2 1(0) = .
1in(0) = a;1(6) 10)
If H'(0) # 0, then U, = a,S, is a nonzero scalar multiple of the score itself, so 6(U,) = 6(S,) and m,(S,) = ¢,(U,) almost surely.
Therefore A,,,.(0) = 0. The remaining statements follow from Theorem III.6. O

IV Derivative-Based Criteria for Simplification

We now convert the abstract vanishing conditions from Section 3 into pointwise criteria on the original log-likelihood. Through-
out this section we strengthen the regularity assumptions as follows: the common support of the family is an open, connected
set M C R?, the map (x,0) = £,(x) is C?> on M x ®, and for the fixed parameter value under discussion we write

Jy(x) := D, s,(x) = [dxidgjfg(x)] L€ R

j
for the mixed x-60 derivative matrix. Thus J,(x) is the Jacobian of the score map x +~ s,(x), and if
Vp(x) 1= a;s(,(x), U, :=vy(X),

then
V vy(x) = J,(x) a,.

The criteria below are exact once one adds the natural connected-fibre hypotheses that rule out global topological obstruc-
tions to factorization through the score map or through the one-dimensional entropy direction. Operationally, the weaker
collapse

Vy(0) = A,,0)+AL,0)
should indeed be read as a first-order PDE / foliation problem in the data variable x: with v,(x) = a;s,(x), one asks whether
—¢, factors through the scalar field v,. Equivalently, one asks whether d.Z, is everywhere colinear with d,v,, or, in geometric
language, whether #, is constant along the characteristic distribution ker D, v,.

IV-A A deterministic factorization lemma
Lemma IV.1 (Factorization through a smooth map). Let M c R be open and connected, let T : M — R* be a C! map of
constant rank, and let ¢ : M — R be C'. Assume that every fibre T~'(y) is connected. Then the following are equivalent:

(i) there exists a Borel function g : T(M) — R such that ¢ = goT on M;
(i) for every x € M and every v € ker DT (x),
Dg(x)v = 0;

(iii) foreveryx e M,
Vp(x) € Row(DT (x)).

If k =1, these are also equivalent to the existence of a scalar field 4 : M — R such that

Vp(x) = Ax)VT(x), x€ M.
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Proof. The implication (i)=(ii) is immediate: if ¢ = goT, then ¢ is constant on each fibre of T, so every directional derivative
tangent to a fibre — equivalently, every derivative along v € ker DT'(x) — must vanish.

The equivalence (ii)(iii) is elementary linear algebra: for any matrix A, the annihilator of ker A is exactly the row space of
A. Thus (ii) says precisely that V¢(x) belongs to the row space of DT (x) for every x.

It remains to show (ii)=(i). Fix x, € M and let r = rank DT. By the constant-rank Theorem there are local coordinates
around x, in which T becomes the projection onto the first r coordinates. In those coordinates the vectors tangent to the
fibres are exactly the coordinate vectors in the remaining d — r directions. Condition (ii) therefore forces ¢ to be locally
independent of the fibre coordinates, so ¢ is locally a function of T. Since the fibres are connected, these local representatives
agree along each fibre, hence ¢ is globally constant on each fibre. One may therefore define g(y) to be the common value of
¢ on the fibre T=!(y), which gives ¢ = goT on M. When k = 1, the row space of DT (x) is one-dimensional and is generated by
VT (x), so (iii) is equivalent to the existence of the scalar multiplier A(x). O

Remark IV.2. Without the connected-fibre hypothesis, the derivative conditions in Lemma |V.1 still characterize local factoriza-
tion through T, but one can lose a globally single-valued representation on T(M). The connected-fibre assumption is exactly
what turns the local criterion into a global one.

IV-B When the iso-score term vanishes
Theorem IV.3 (Necessary and sufficient conditions for A, (0) = 0). Fix 6 € ©. Then the following are equivalent:

(i) A () =0;

iso

(i) there exists a Borel function y, : s,(M) — R such that
—Co(x) = wg(sg(x)) for P,-a.e. x.

Assume in addition that the score map s, : M — R” has constant rank and connected fibres. Then (i) and (ii) are also equivalent to
each of
the following pointwise conditions:

(iii) for every x € M and every v € ker J,(x),
V. Ly(x) v =0;

(iv) foreveryx e M,
V., Zy(x) € Row(Jy(x)).

Equivalently, the information content is score-determined if and only if the x-gradient of ¢, annihilates every direction along which
the full score vector stays constant, or, what is the same, if and only if that gradient lies in the row space of the mixed derivative
matrix J,(x) = |9, 9, fe(x)]j p

Proof. By (22),
Ao (0) = E,[Var, (Y, | Sp)|.

Since the conditional variance is nonnegative, A, (6) = 0 if and only if Var,(Y, | S,) = 0 almost surely, which is equivalent to Y,
being ¢(S,)-measurable. Because Y, = —£,(X) and S, = s5,(X), this is equivalent to the existence of a Borel function y, such
that —Z,(x) = y,(s,(x)) for P,-a.e. x. This proves (i)s(ii).

Assume now that s, has constant rank and connected fibres. We first show that (ii) implies (iii). Because f, > 0 on the
open support M, statement (ii) is equivalent to the existence of a Borel function y, such that

—ty(x) =y, (sy(x))  for Lebesgue-a.e. x € M.

Fix x, € M and let r = rank Jy(x,); by constant rank, this value is independent of x,. By the constant-rank theorem, after
shrinking neighbourhoods there exist open sets Q ¢ M and W c R” together with C' coordinate maps

D:Q-UXVCR XR™,  W:W W cCR xR,

such that x, € Q, 5,(Q) c W, and
(‘Poseofb_')(u, z) = (u,0).
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Writing
F =007 ) 1=y, (Y (4,0)),

we obtain
F(u, z) = @y(u) for Lebesgue-a.e. (u,z) e U x V.

By Fubini, for almost every u € U the function z » F(u,z) equals the constant y,(«) for almost every z € V. Since F is
continuous, F(u,-) is then constant on V for almost every u. Let A c U be the full-measure set of such u. Because A is dense
inU, foranyu € U and any z,,z, € ¥V we may choose u, € A with u, — u; continuity gives

F(u,z)) = lim F(u,, z;) = lim F(u,, z,) = F(u, z,).

Thus F is locally independent of the fibre coordinates. Equivalently, (iii) holds on Q. Because x, was arbitrary, (iii) holds on
all of M.
The equivalence (iii)<(iv) is the same linear-algebra statement as in Lemma |V.1: the annihilator of ker Jy(x) is Row(J,(x)).
Conversely, if (iii) or (iv) holds, then Lemma IV.1 applied with T = s, and ¢ = —¢, yields a pointwise factorization

—Lp(x) = gy(s54(x)), xeM,

for some Borel function g, : s,(M) — R. This implies (ii). Hence (i)-(iv) are equivalent. O

IV-C Reduction to the entropy score direction

Theorem IV.4 (Necessary and sufficient conditions for V,(0) = A;;,(0) + A, (0)). Fix 6 € ® and define the scalar score coordinate
Vp(x) 1= aeng(x), Uy = v,(X).

Then the following are equivalent:

(i) Auore(0) =0and A, (6) =0;

10

(i) there exists a Borel function ¢, : v,(M) - R such that
—ty(x) = @y (vy(x))  for Py-a.e. x.
Equivalently, the full four-term decomposition collapses to
Vi (0) = Ay, (0) + A,(0)

if and only if the information content is already a deterministic function of the one-dimensional entropy direction a; s,(x).
Assume in addition that the map v, : M — R has constant rank and connected fibres. Then (i) and (ii) are also equivalent to
each of the following pointwise conditions:

(iii) for every x € M and every v € ker D, v,(x),
V.£,(x)Tv=0;

(iv) there exists a scalar field 4, : M — R such that
V. £,(x) = A,(x) Jy(x) " ay, xeM.

Proof. From Theorem III.6,
Ayeore(0) = Var, (my(Sy) — qo(Uy)), Ao (0) = E,[Var, (Y, | Sp)|.

Hence (i) holds if and only if both
Y, = my(S,) and my(Sy) = q,(Uy)
almost surely, which is equivalent to Y, being ¢(U,)-measurable. Since Y, = —¢,(X) and U, = v,(X), this is exactly (ii).

Assume now that v, has constant rank and connected fibres. Because f, > 0 on the open support M, statement (ii) is
equivalent to the existence of a Borel function ¢, such that

—Zy(x) = @y(vy(x))  for Lebesgue-a.e. x e M.
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Fix x, € M and let r = rank D,v,(x,) € {0, 1}; by constant rank, this value is independent of x,. By the constant-rank theorem,
after shrinking neighbourhoods there exists a C' coordinate map

P:Qo>UXV CR xR

with x, € Q such that
(Vo @™ )(u, 2) = V(u)

for some C! map v : U — R. Writing
F i=—£p0®7',  Gy) = 9,(V(w)),

we obtain
F(u,z) = @p(u) for Lebesgue-a.e. (u,z) e U X V.

By Fubini, for almost every u € U the function z » F(u,z) equals the constant @,(u) for almost every z € V. Since F is
continuous, F(u,-) is then constant on V for almost every u. Let A c U be the full-measure set of such u. Because A is dense
inU, foranyu e U and any z,,z, € ¥V we may choose u, € A with u, — u; continuity gives

F(u,z)) = }Lr?o F(u,,z,) = }1_{2} F(u,,z,) = F(u, z,).

Thus F is locally independent of the fibre coordinates. Equivalently, (iii) holds on Q. Because x, was arbitrary, (iii) holds on
all of M.
The scalar part of Lemma IV.1, applied with T = v, and ¢ = —¢,, shows that (iii) and (iv) are equivalent. The same lemma
then yields a pointwise factorization
—Co(x) = ge(vg(x)), XEM,

for some Borel function g, : v,(M) — R. This implies (ii). Hence (i)-(iv) are equivalent. O

IV-D Exact tangent explainability and pure score explainability
Theorem IV.5 (Necessary and sufficient conditions for V;;(6) = A,,(8)). Fix 6 € ©. Then the following are equivalent:

(i) Vi (0) = Ay, (0
(i)
—Cy(x) = h(0) + ajsy(x)  for Py-a.e. x.
Under the standing C* and connected-support assumptions of this section, these are also equivalent to the pointwise mixed-derivative
identity
V. £,(x)+ Jy(x)"a, =0, xX€E M. (27)

Equivalently,

P
0., Co(X)+ Y ay;0,0,6,(x) =0, i=1,...d
j=1
Proof. By Theorem III.6,

Vi (8) = Ay, (0)

if and only if the three nonnegative remainder terms A,(0), A,....(8), and A, (9) all vanish. By (17), this is equivalent to

180
Y,-h@®)=U,=a,;S, almostsurely,

which is exactly statement (ii).
Now assume (ii). The function
Fy(x) :=2y(x) + a;sg(x) + h(0)

is continuous on the open support M and vanishes P,-almost surely. Because f, > 0on M, any point atwhich F, were nonzero
would have an open neighborhood of positive P,-probability on which F, kept the same sign, a contradiction. Hence F, =0
on M, and differentiating with respect to x gives (27).

Conversely, if (27) holds, then the gradient of F, vanishes identically on the connected set M. Therefore F, is constant on
M. Taking P,-expectations and using E,[S,] = 0 shows that this constant must be zero, so statement (ii) follows. O
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Corollary IV.6 (Necessary and sufficient conditions for V,(0) = A,,..(0)). Fix 6 € ©. Then the following are equivalent:

(1) V() = Ayore (O
(i) VA@O) =0and A, (0) =0;
(iii) Vh(6) = 0 and there exists a Borel function y, : s,(M) - R such that

—Zy(x) = wy(sy(x))  for Py-a.e. x.
If, in addition, the score map s, has constant rank and connected fibres, then these are also equivalent to the derivative condition
Vh(9) =0, V. Z4(x) € Row(Jy(x)) foreveryxe M.
Proof. If Vh(9) =0, then a, = I(6)"'Vh(9) = 0, hence U, = 0. Therefore
Ay (0) =0, A, (6) = Var,(g,(0) — h(9)) = 0.
So in this case the four-term decomposition reduces to
Vi(0) = Agore(0) + Aj (0).

Thus (i) holds if and only if VA(8) = 0 and A, (8) = 0, proving (i)<(ii). The equivalence (ii)<(iii) and the final derivative criterion

180

now follow immediately from Theorem IV.3. O

Remark IV.7. In a one-parameter family, Corollary I11.8 already showed that A_,.(9) = 0 whenever #’'(9) # 0. The criterion in
Corollary IV.6 therefore says that a genuinely nonzero transverse score term can only occur at entropy-stationary parameter
values, where the entropy direction itself collapses.

IV-E Characterization by normalized density powers
For a positive density g and an exponent § > 0 such that g € L'(M), define its normalized density-power transform (also

called the escort transform) by
&lgllx) = Lx)ﬁ’ xEM.
Jy 80P dy
The exact tangent identity turns out to be equivalent to local closure of the family under these transforms along the entropy
vector field a, = 1(8)~'Vh(9).

Theorem IV.8 (Characterization by normalized density powers). Let ®, c © be open and assume that the map 6 +— a, =
1(0)'Vh(9) is C' on ©,. Let @, denote the local flow of the vector field a. Then the following are equivalent:

(i) V9 = A, (9) for every 9 € 0,
(i) for every 6 € ®, and every t such that ®,(0) € ©,,

t

Sfo (9)(x) =€ folx) = ﬂ, xEeE M. (28)
' Sy Fo) dy

Equivalently, the family satisfies V,, = A, exactly on ©, if and only if each entropy-flow line is generated by normalized density-power
transforms.

Proof. Assume (i) and fix 0 € ©,. Write 6, := ®,(0) whenever the flow is defined inside ®,. By Theorem IV.5, the hypothesis
Vy(6,) = A, (6,) means that for every such t and every x € M,

ayVyly(x)| = =5 () = h(8).
Because 4, = ay,, this is the scalar ODE
d
T0,(0) = ~£4,(0) = h(B).
Solving it gives

Lo, (x) = ely(x)—e”’ / e"h(b,)du.
0
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Hence ,
f%(x) =c,(0) fg(x)"_r, c(0) 1= exp<—e_'/ e"h(é,) du) s
0

where ¢,(9) does not depend on x. Since f,, is a probability density, normalization identifies

)" = / o dy,
M

and (28) follows.
Conversely, assume (ii). Fix 0 € 8, and write

¢,(0) :=log / fo)¢ dy.
M

Taking logarithms in (28) yields
fq,’(g)(x) = e 'ly(x) — c,(0).

Choose any x, € M. Because (x,9) — Z4(x) is C' and t —» ®,(0) is differentiable, the scalar function
¢(0) = e7'Cy(x) = £ 5,6 (X0)
is differentiable at t = 0. Differentiating the previous display at ¢ = 0 gives
ajVolo(x) = —£y(x) — c(0).
Taking P,-expectations and using E,[S,] = 0 yields
0 =Eyla,S,] = —E,[£,(X)] — c(8) = h(8) — c}(0).

Thus ¢y(8) = h(9), and therefore
a;sg(x) = —Cp(x) — (), xXEM.

By Theorem IV.5, this is equivalent to V,(0) = A, (9). Since 6 was arbitrary, (i) follows. O

Corollary IV.9 (Local normal form). Assume the hypotheses of Theorem IV.8 and suppose that Vi (9) = A;,(9) throughout ©,. Fix
0, € ©, with a, # 0. Then there exist local coordinates (t,{) on a neighborhood U c ©, of 6, and positive seed densities g, such that

g ()
[y 8 dy’

Conversely, any local family of the form (29) satisfies V,(t,£) = A
isa,

fr,g(x) = ©HelU, xeM. (29)

(t,¢) throughout U; in these coordinates, the entropy vector field

lin

Proof. Because a, # 0, the flow-box Theorem gives local coordinates (z,¢) on a neighborhood U of 6, in which the vector
field a becomes g,. Let g, := f .. Applying Theorem V.8 along the flow lines u - (u,{) gives exactly (29).
Conversely, suppose (29) holds and write

Zt0) 1= / g dy, £, (x)= e logg,(x) —log Z(1,0).
M

Differentiating in 7 gives
0,0, .(x) = —e " log g, (x) — 9, log Z(1,¢).
Because E, .[s,(X)] = 0, taking expectations yields
d,log Z(1,¢) = —¢"'E, ;[log g, (X)].
On the other hand,
h(t,§) = —E, [£,,(X)] = —e"'E, ;[log g,(X)] + log Z(1,¢) = 9, log Z(1,¢) + log Z(1,£).

Therefore
0,6,,(x) = —e " log g, (x) — h(t,{) +log Z(1,8) = =¢, (x) — h(£,{).
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Thus the ¢-score satisfies
5,(X) = 0/,'4()() = Yti — h(,¢$).

For every coordinate 6, € {1.¢.....¢, 1},

00, (1,6 = Ey | (¥, = (e, )0, (0| = Ere[5,X03,, (0] = 1,0.0).

Hence Vha(t,{) = I(t,{)e, Wheree, = (1,0,...,0)" is the coordinate vector in the r-direction. Therefore ¢, ., = 1, O7'VA@ ) =e,
i.e. the entropy vector field is g,. Applying Theorem IV.5 gives V,(t,¢) = A, (1,¢) on U. O

IV-F Broad classes closed under normalized density powers

The characterization by normalized density powers makes the exact tangent class practically useful only if one can recognize
large model classes that are automatically closed under the transform g - &,[g]. The next two results show that this covers
both a genuinely heavy-tail family (Student-s with all standard parameters) and a broad portion of classical exponential-family
models.

Proposition IV.10 (The full multivariate Student-+ family is closed under normalized density powers). For u € RY, positive
definite * € R4, and v > 0, let

>—(v+d)/2

Funa) = g J2I 2 (14 é%;(x) C 4 == = )

For p > 0 such that
vy i=pv+d)—d >0, T, := Vlﬁz,
one has
Elfuzid = Fuzyny (30)
Consequently, the full location-scatter-degrees-of-freedom Student-t family is locally closed under normalized density powers and
therefore satisfies
Ve, Z,v) = Ay (1, Z,v)

throughout its parameter domain.

Proof. A direct calculation gives
) 1 —p(v+d)/2
Funs o < IZ2 (14 20,0(0)
Because v; +d = (v +d) and
1%
_ Ty-1 __F
9, (X) = (x = p) T (x = p) = 74,,;()6),
one has | |
1+ v_ﬁq“’zﬁ(x) =1+ ;qu,z(x).
Hence
fu,Z,v(x)ﬁ & fy,XﬁA,v/) (X),
and normalization yields (30). For g near 1 one has v, > 0, so the closure is local around every parameter point. Moreover,
the parameter update
v
rwzv) =y ———3, ¢ d)—d
(1, Z,v) </4 v td)—d e'(v+d) )
=TI ,oI', whenever both sides are defined. Therefore T, is a local flow, and (30) rewrites as
Fuzn (0
fM fy.E,v(y)e_I dy.

satisfiesT, =idand I’

1+s
1

fr,(”,zyv)(x) =

Let

d
= d_r’(”’ IR N c(u,Z,v) 1= log / Fuz /) dy.
t =0 R4

Taking logarithms in the last display and differentiating at r = 0 gives

b

HZv

€0 + b;’z’vv(”yz,v)f%z’v(x) = —c(’)(u, V).

The right-hand side is independent of x, so Proposition V.13 yields V, (4, Z,v) = Ay, (1, Z, v). O
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Proposition IV.11 (Exact tangent criterion for exponential families). Consider a regular exponential family written in the form
[, (x) = exp(r]TT(x) —A(n) + c(x)), neHcR",
on a common support. Then the following are equivalent:

(i) Vi (ny) = Ay, (ny) for some parameter value n, € H;

(ii) V() = Ay, () for every n € H;
(iii) there exist b, € R and b € R™ such that
c(x) = by +b'T(x) (31

on the common support.

Whenever these conditions hold, the family is locally closed under normalized density powers and obeys
ELL =1, My 1= P +b)—b, (32)
for all p sufficiently close to 1.
Proof. Assume (i). For the parameter value 7, write a, := I(5,)"' VA(#,). Since
Z,,(0) = 0y T(x) = A(n) + (), 8, () =T (x) = VA(#,),

Theorem IV.5 gives
—ty T(x) + A1) = ¢(x) = h(ng) + ag T(x) — ag VA(np).

Therefore
c(x) = Aln) — h(ng) + al V Ang) — (ny + ag) ' T(x),

which is exactly (31). Thus (i) implies (iii).
Now assume (iii). Then
£, =+ )T —Al),  Aln) := A@) — by,

so the information content is
Y, =-¢,(X)=A(m) -+ b)'T(X).

After centering,
Y, —h(m)=-(n+ b)T(T(X) - [E,,[T(X)]) =-(n+ b)TS,,(X)-

Multiplying by s,(X) and taking expectations gives
Vh(n) = E,[(Y, = h(m)s,(X)] = =T1(n)(n + b),

soa, = I(n)"'Vh(n) = —(n+b). Therefore Theorem IV.5 gives V() = A, () for every g, proving (iii)=(ii). The implication (ii)=(i)
is immediate.
Finally, under (iii),
£, < exp(p(n + ) T(x)),

so after normalization one obtains exactly (32). Since n; — n as f — 1, this gives local closure under normalized density
powers. O

Remark IV.12 (Practical inspection rule for exponential families). Proposition V.11 says that, for exact tangent explainability,
every x-dependent term in log f, (x) must carry a free coefficient. A genuinely frozen carrier term blocks the identity v, = A,
Thus Gaussian mean-precision families, Beta and Dirichlet models, and Gamma shape-scale families lie inside the exact
tangent class, while Poisson-type models with carrier —log(x!) lie outside it.
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IV-G Practical verification criteria

The characterization by normalized density powers provides the structural classification of exact tangent families, but it is
not the most efficient way to check a concrete model. In practice, one usually does not construct the entropy flow explicitly.
Instead, one looks for an x-independent coefficient vector multiplying the score, or equivalently the mixed derivatives, and
only then invokes the structural theory to interpret the result.

Proposition V.13 (Direct verification criteria for the exact tangent identity). Fix 8 € ®. Then the following are equivalent:

(i) VH(G) = Alin(e);
(i) there exists a vector b, € R? such that
Co(x) + by Vyly(x) (33)

is independent of x € M;
(iii) there exists a vector b, € R? such that
V. 2y(x)+ J,(x)Th, = 0, xeM. (34)

Whenever these conditions hold, the vector b, is unique and equals
by = a, = 1(0)"'Vh(b).

Proof. The equivalence (i)s(ii) is immediate from Theorem IV.5: if (i) holds, take b, = a,. Conversely, if (i) holds, then for
some constant ¢, one has
£o(x) + b sy(x) =, xXeM.

Taking P,-expectations and using E,[S,] = 0 gives ¢, = —h(0), SO
Y, — h(0) = b, S,.
Multiplying by S, and taking expectations yields the entropy-score covariance identity
Vh(0) = E,[(Y, — h(0)S,]| = E,[(b] Sp)S,| = 1(0)b,,

whence b, = a,. Therefore (ii) yields the score-linear identity in Theorem IV.5, and hence (i) follows.
The implication (ii)=(iii) follows by differentiating (33) with respect to x. Conversely, if (34) holds, then the function

Fy(x) 1= £y(x) + by 54(x)
has zero x-gradient on the connected set M, so it is constant on M, proving (ii). O

Corollary 1V.14 (Coefficient-matching criterion). Assume that, for a fixed parameter value 0, the log-likelihood admits the repre-
sentation

Co(x) =c(0) + iﬁr(ﬁ’) &,(x), xeM, (35)
where 1,¢,, ..., ¢,, are linearly independent on M. Let p(0) =7(ﬂ1(9), ..., B,(0))" and let D,B(6) denote its m X p Jacobian. Then
V,(0) = A, (0) < 3b, € R? such that D,p(0)b, = —B(6).
Whenever this holds, one necessarily has b, = a,. In particular, if D,B(0) has full row rank m, then V;,(6) = A, (0) automatically.

Proof. By (35),

Co(x) + by VyZy(x) = c(0) + by Ve(0) + Z (B.O) + VB.(0) by),(x).
r=1
Because 1,¢,, ..., ¢,, are linearly independent on M, this expression is independent of x if and only if
B.(0)+VB.(6)"b, =0, r=1,...,m,

which is exactly D,8(0)b, = —B(0). The conclusion now follows from Proposition 1V.13. O
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Corollary IV.15 (One-parameter scalar-observation ratio test). Assume p = 1 and that the support M C R is an open interval.
Suppose that 3,0,¢,(x) # 0 for all x € M. Then

0,04(x)

VH(B) = A“n(e) — —W

is independent of x € M. When this holds, the common value is a, = 1(6)~'h'(6).
Proof. When p = 1, the vector b, in Proposition IV.13 is a scalar. The differential condition (34) therefore becomes
0.0y(X)+by0,0,0y(x) =0, x€&M.

Because the denominator is everywhere nonzero by assumption, this is equivalent to saying that

0,0p(x) _
0.0,0,(x)  °

is constant in x. The final identification b, = a, comes from Proposition IV.13. O

V Examples and Moving-Support Boundary Cases

The general results of Sections Il and IV become most informative when they can be recognized directly on familiar model
classes. The three examples below are chosen to illustrate the verification routes developed earlier. None of them requires
an explicit integral calculation of the entropy gradient.

We find the Pareto and generalized inverse Gaussian (GIG) examples particularly interesting. The fixed-threshold Pareto
model shows the limits of the present common-support framework and points toward future work on parameter-dependent
support. The GIG example, on the other hand, highlights the utility of the structural approach in a setting where direct
symbolic integration for entropy and varentropy is cumbersome.

V-A Examples
Proposition V.1 (Beta family). Fora,b > 0, let

xa—l(l _ x)b—l

s 0<x<l1.
B(a, b)

fa,b(x) =

Then the exact tangent identity
Vy(a,b) = Ay, (a, b)

holds throughout (0, o0)?. Moreover,
Vi(a,b) = (a =1y (a) + (b= 1y, (b) = (a+ b —2)*y,(a + b),
where y, denotes the triggmma function.

Proof. The log-density is
£ ,»(x) = —log B(a, b) + (a — 1) log x + (b — 1) log(1 — x),

so the Beta family is a regular exponential family with common support, sufficient statistic
T(x)= (log x,log(1 — x)),
and carrier term ¢(x) = 0. Proposition 1V.11 therefore gives
Vy(a, b) = Ay, (a,b)

for every (a, b).
The score coordinates are

S, =log X —y(a)+wy(a+b), S, =log(1 = X) —y(b) + w(a+b),
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and the Fisher information matrix is the Hessian of log B(a, b),

fapo (M@-vi@rh  —w@rn
“vi@+b)  wb) - wa+b)

Because ¢(x) = 0, the proof of Proposition IV.11 yields

Y,, - h(a,b) = —(a—1)S, — (b= 1)S,.

V,(a,b) = (a—l b I)I(a,b)<z:i>,

which expands to the stated trigamma formula. O

Hence

Proposition V.2 (Pareto tail-index family with fixed threshold). Fix x,, > 0 and consider the one-parameter Pareto family
fu(‘x) = ax:lnx—(“+l) l(x’woo)(x), a > 0.

Then
V(@) = A, ()

for every a > 0, and in fact

oc+1>2

Val@) = (
Proof. On the common support M = (x,,, ),

¢, (x) =loga+ alogx, —(a+1)logx.

Therefore
ac,0=-FL 547 0=-1,
X X
so the ratio in Corollary V.15 is the constant
0,0,(x) @+ 1)
0.0,0,(x) T
Hence V,(a) = Ay, ().
For the explicit value, note that the score is
S, = 0,0, =+ - 10g(£> ‘
a X,
Since log(X /x,,) ~ Exp(a), one has
I(a) = Var,(S,) = Var <log<£>> = iz
X, a
With a, = —(a + 1) from the ratio test,
(a+ 1)
Vy(a) =a’I(a) = —

O

Remark V.3 (Moving-support Pareto-type models). Proposition V.2 treats the common-support subfamily with fixed threshold
x,,. If the lower endpoint itself is unknown, as in the usual two- parameter Pareto family, then assumption (P1) fails. In that
regime the entropy gradient identity from Section 3 acquires boundary terms and the present four-term decomposition does
not apply.

This is, in our view, the most structurally interesting direction for further development of the theory. What is needed is
a revised entropy-gradient identity and a corresponding varentropy decomposition with the correct endpoint contributions
built in. Accomplishing this would bring threshold, truncation, and support-shift models into the same structural picture and
would substantially enlarge the practical scope of the theory.
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Proposition V.4 (Generalized inverse Gaussian family). For p e R and a,b > 0, let

/2
fp,a,b(x) = (a/i xP! exp(—%) , x>0,
2Kp(\/ ab)

where K, is the modified Bessel function of the second kind. Then the standing assumptions of Section 3 hold locally on R x (0, o).
Moreover, for every g > 0,

EslS papd = Frpo-1, pa, oo
so the family satisfies
Vu(p,a,b) = Ay, (p,a, b)

throughout R x (0, 00)2. Writing t := \/ab and
L :=(p-1)0,+19,

one further has
1. (b
h(p.a.b) = 3 log( 2 ) + log(2K,(1)) — Llog K, (1)

a
and
Vi (p,a,b) = (L* = L) log K,(1).

Proof. The supportis the fixed set (0, o). On every compact parameter set K ¢ Rx(0, c0)?, the parameters aand bare bounded
below by a positive constant, so the density and its first parameter derivatives are dominated on K by an integrable envelope
of the form

CK(1+|10gx|+x+x‘1)e_c’<(x+"_l)/2, x> 0.

This justifies differentiation under the integral sign and implies that both the score and the information content belong to
L*(P,,,). To verify positive definiteness of the Fisher information matrix, it is enough to show that

Cov,,,(log X, X, X™")

is nonsingular. Suppose
u log X +u, X +u X!

has zerovariance under P, . Since f,,, > 00n (0, ), this quantity is P, ,,-a.s. constant, hence constant on (0, eo) by continuity.
Differentiating with respect to x gives
U U3

—tu,-—=0 for all x > 0,
X X

so multiplying by x? yields
X2 +ux —uy =0 for all x > 0.

Thereforeu; = u, = u; = 0. Thus Cov, . ,(log X, X, X~') is positive definite. Since the score coordinates differ from (log X, X, X~")
only by additive constants and nonzero scalar factors, the Fisher information matrix is positive definite as well. Thus the
standing assumptions of Section 3 hold locally throughout R X (0, c0)?.

For the normalized density powers,

Fpapn) xﬁ(p_”exp<_w> .

which is again a generalized inverse Gaussian density with parameters
ppi=1+p0p—1), a; :=pPa, b, :=pb.

Hence
Elf parl = 1,

-0y
which is consistent with Theorem |1V.8.
Now write
1

b _
£,0pX) = c(p,a,b) + (p— 1 log x — gx SR

where
c(p,a,b) = g log<%> —log2 — log K, ().
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Set
bmv,, = -p,—a,-b).
A direct coefficient check gives
fp,a’b(x) + b;,a’bv(p’a,b)fp,a,b(x) =c(p,a,b)+ b;,aibec(p, a,b),
which is independent of x. Proposition [V.13 therefore yields
VH(p, a, b) = Alin(P, a, b) and bp,u,b = ap,u,b’
Taking P, , ,-expectations in the displayed identity above and using £, ,[.S, ,,] = 0 gives
h(p,a,b) = —c(p,a,b) = b, ,,Ve(p, a, b).
Introduce the first-order differential operator
D :=(p—1)9, + ad, + bd,.
Since pryava =-Dand A :=—-c=1log2+ ’E’log(b/a) +log K,(1), the entropy identity becomes
h=A-DA.

Now D acts on functions of (p,7) as L = (p — 1)d, + 9,, while
2 og(2)) = 25 1og( 2
D(210g<a >_ 2 10g(a>'

1 b
h(p.a,b) = 3 log( 7 ) +log(2K, 1)) — L log K,

Because the coefficient functions (p—1, —a/2, —b/2) are affinein (p, a, b), the parameter Hessian of 7
which is independent of x. Hence

Therefore

(x)is simply V?

p.ab (p.a,b)

— 2 — 2 —_ 2
1(p,a,b) = =E, 0y Vi, o CranX)] = =V, pcpoa,b) = Vi, A(p,a, b).

Using the exact tangent identity,

Vig(p,a,b) = B I(p,a,b)b, ., =b Vi  , A(p,a,b)b

p.ab "~ (p.ab) p.a.b*

Since D = (p — 1)d, + ad, + bd, = b ,V, one has

D’A=DA+b V> _Ab

p.ab " (p,a,b) p.ab>

and therefore
V, = D*A — DA.

c(p’ a7 b)l

Applying this to A =log?2 + £ log(b/a) + log K, (), the contribution of £ log(b/a) cancels between D?A and DA, while D reduces

to L on functions of (p, 7). This yields
Vy(p.a,b) = (L* = L) log K, (1),

as claimed.

Note that in the GIG case it is easy to check the result using conventional methods of deriving varentropy, since the

moment generating function exists and has closed-form solution. Indeed, set
Z(pP) := / frap)’ dx.
0

Using the standard Bessel-K integral

* + al2
/ P exp<—w> dx=2(2) Kq(\/uu), u,v >0,
0

u
with g =1+ p(p — 1), u = pa, and v = pb, one finds

b

a-p/2 K
zp=2"" <2> Kispoo (BD)

K, (n)f
Note that the cumulant generating function of Y is
Ky (m) =logE[e™] = log Z(1 — m).

Hence K (0) = —(log Z)'(1) = h(p,a, b) and K;/(0) = (log Z)"(1) = Vy(p, a, b), which recovers the stated formulas.
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